
General equations 

1. 12x 4 – 4x 3 – 41x 2 – 4x + 12 = 0          …..(1) 

 Divide the equation (1) by  x2, then it becomes   041
x
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 Put  
x
1

xy += ,  (2) becomes  12(y2 – 2) – 4y – 41 = 0 

  ⇒ 12y2 – 4y – 65 = 0 ⇒ (6y + 13)(2y – 5) = 0 ⇒ 
6

13
or          

2
5

y −=  

 (a) If    
2
5

y = ,   
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5

x
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x =+      (b) If  
6

13
y −= , 

6
13

x
1

x −=+  

  2x2 – 5x + 2 = 0 ,  (2x – 1)(x – 2) = 0    6x2 + 13x + 6 = 0,  (2x + 3)(3x + 2) = 0 

  ∴ 2,
2
1

x =         ∴ 
2
3

,
3
2

x −−=  

  The roots of (1)  are  
2
3

  ,
3
2

  ,2  ,
2
1

−− . 

2. Let  f(x) = x 4 + 4x 3 – 18x 2 – 100x – 112 

 Put  y = x – k ,  or   x = y + k,  then f(y) = (y + k) 4 + 4(y + k) 3 – 18(y + k) 2 – 100(y + k) – 112 

 The  y2 – term  =  (6k2 + 12k – 18) y2  disappears if   6k2 + 12k – 18 = 6 (k + 1)(k – 1) = 0 

 ∴  k = - 3  or  1. 

 Choose  k = 1,  then    (y + 1) 4 + 4(y + 1) 3 – 18(y + 1) 2 – 100(y + 1) – 112 = 0 

   ⇒  y4 + 8y3 – 120 y – 225 = 0,  ⇒ (y2)2 – 152 + 8y (y2 – 15) = 0 

   ⇒  (y2 – 15) (y2 + 15 + 8y) = 0,  ⇒ (y2 – 15) (y + 5) (y + 3) = 0 

 ∴ y = –5, –3,  15-   ,15    and    x = y + 1  =  –4, –2,  15-1   ,151+ . 

3. (a)  
)3...(
)2...(
)1...(

9z2yx
11zxyzxy
14zyx 222

⎪
⎩

⎪
⎨

⎧

=++
=++
=++

  (1) + 2(2),  (x + y + z)2 = 36   ⇒  x + y + z = ±6 …(4) 

  (3) – (4),   z = 3, 15 

  (i) If  z = 3, (2) and (3) become   xy + 3(x +y) = 11   …(5)     and   x + y = 3   ….(6) 

   (6)↓(5),  xy = 2  …(7)      , Eq. formed from (6),(7) is   t2 – 3t + 2 = 0. 

   Solving we get  (x, y) = (1, 2)  or (2, 1) 

  (ii) If  z = 15, (2) and (3) become   xy + 15(x +y) = 11  …(5’)     and   x + y = -21  ….(6’) 

   (6’)↓(5’),  xy = 326  …(7’)    , Eq. formed from (6’),(7’) is   t2 +21t + 326 = 0. 

   Solving we get  (x, y) = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +−−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+−

2
i86321

,
2

i86321
  ,

2
i86321

,
2

i86321
. 

  ∴ (x, y, z) = (1, 2, 3),  (2, 1, 3),  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +−−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+−
15 ,

2
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,
2
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  ,15 ,

2
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,
2

i86321
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  From (1),  y + z = 1 – x ,  z + z = 1 – y ,  x + y = 1 – x    …(4) 

  (4) ↓ (3), 0
z1

z
y1

y
x1

x
=

−
+

−
+

−
  ⇒  x(1 – y)(1 – z) + y(1 – x)(1 – z) + z(1 – x)(1 – y) = 0 

  ⇒ x + y + z – 2xy – 2yz – 2zx + 3xyz = 0 ⇒ (x + y + z)2 – 2xy – 2yz – 2zx + 3xyz = 0, from (1) 

∴   x2 + y2 + z2 + 3xyz = 0 …(5) 

  From (2) and (5),  6xy = 3xyz  ⇒  xy(z – 2) = 0 ⇒  x = 0  or  y = 0  or  z = 2. 

  (i) When  x = 0,  from (1) and (2) we get  y + z = 1  …(3)   and   y2 + z2 = 0  …(4) 

   (4)2 – (3),  we have  2yz = 1  or  yz = 1/2  …(5) 

   The eq. formed by (3) and (5) is   2t2 – 2t + 1 = 0  ∴ (y, z ) = ⎟
⎠
⎞

⎜
⎝
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⎝
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or    

2
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,
2
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  (ii) When  y = 0, using the same method as in (i), we have  (x, z) = ⎟
⎠
⎞

⎜
⎝
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⎟
⎠
⎞

⎜
⎝
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2
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,
2
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2
i1

,
2

i1
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  (iii) When  z = 2, from (1) and (2) we get   x + y = –1  ….(6)   and   x2 + y2 + 6xy = –4 …(7) 

   (7) – (6)2,  4xy = –5  or  xy = –5/4 …(8) 

   The eq. formed by (6) and (8)   is   4t2 + 4t – 5 = 0    

∴ (x, y) = ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +−−−
⎟
⎟
⎠

⎞
⎜
⎜
⎝
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2
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2
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∴ (x, y, z) = 
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⎜⎜
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⎜⎜
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⎟
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⎜
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⎟
⎠
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⎜
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⎟
⎠
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⎜
⎝
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⎟
⎠
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⎜
⎝
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,

2
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  ,  0,
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,

2
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2
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2
i1

 , 
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 (c) Since x,y,z ≠ 0 , put 
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)1...(
2
1

wv

 

  (1) + (2) + (3),  we have  2(u + v + w) = 11/6  or  u + v + w = 11/12  …(4) 

  (4) – (1),  (4) – (2),  (4) – (3),    (u, v, w) = ⎟
⎠
⎞

⎜
⎝
⎛ −

12
1

,
12
7

,
12
5

 

       ∴  (x, y, z) = ⎟
⎠
⎞

⎜
⎝
⎛ −12,

7
12

,
5

12
 

4. (a) x3 + y3 = 8  …(1)   ; x + y = 2 …(2) 

  From (1), x3 + y3 = (x + y)3 – 3xy(x + y) = 23 – 3xy(2) = 8 ⇒  xy = 0  ⇒  x = 0  or  y = 0 

  From (2),  (x, y) = (0, 2)  or  (2, 0) 
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 (b) x + y = 4  …(1)    ; x4 + y4 = 9x2 y2 + 1 

  Since  x4 + y4 = (x2 + y2)2 – 2(xy)2 = [(x+y)2 – 2xy]2 – 2(xy)2 = [42 – 2xy]2 – 2(xy)2 = 256 – 64xy + 2(xy)2 

  Sub. in (2),  256 – 64xy + 2(xy)2 = 9(xy)2 + 1  ⇒ 7(xy)2 + 64xy – 255 = 0  ⇒  [7xy + 85][xy – 3] = 0 

  ∴ xy = 3  or  –85/7  … (3) 

  (i) If  xy =  3,  from (1),  x, y are roots of    t2 – 4t + 3 = 0  …(4) 

  (ii) If  xy = –85/7, from (1),  x, y are roots of  7t2 – 28t – 85 = 0 …(5) 

  Solve (4) and (5), we get  (x,y) = (1, 3), (3, 1), ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+

7
79114

,
7

79114
  ,

7
79114

,
7

79114
. 

 (c) 
15
4

1x3
y

1y5
x

=
+

+
+

   …(1)  ; 3x + 5y = 2 …(2) 

  ∴  4
1x3

y15
1y5

x15
=

+
+

+
  …(3)  ; 5y = 2 – 3x …(4) 

  (4) ↓ (3), 4
1x3

)x32(3
1)x32(

x15
=

+

−
+

+−
 ⇒  18x2 – 9x + 1 = 0  ⇒ (3x + 1)(6x – 1) = 0 

  ∴ x = 1/3  or  1/6.   From (2),  (x, y) = ⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

10
3

,
6
1

,
5
1

,
3
1

. 

 (d) x3 = 2x + 7y  …(1)    ; y3 = 2y + 7x …(2) 

  
y
x

 z    where,
z72
7z2

z
)y/x(72
7)y/x(2

x7y2
y7x2

y
x

,
)2(
)1( 3

3

=
+

+
=⇒

+

+
=

+

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
. 

  ∴ 7z4 + 2z3 – 2z – 7 = 0  ⇒ (z + 1)(z – 1)(7z2 + 2z + 7) = 0  

  ∴ z = y
7

i341
  ,yx

7
i341

,1
y
x ±−

±=⇒
±−

±=  

  (i) When  x = y,  by (1),  x3= 2x + 7x ,  x3 – 9x = 0,  x (x + 3)(x – 3) = 0,  ∴ x = –3, 0, 3. 

   (x, y) = (–3, –3), (0, 0), (3, 3) 

  (ii) When  x = –y,  by (1),  x3 = 2x – 7x,  x3 + 5x = 0,  x(x2 + 5) = 0,  ∴ x = 0, i5±  
   ( ) ( )i5,i5  ,i5,i5 −−  

  (iii) When  kyy
7

i341
 x =

±−
= , by (2),   

   y3 = 2y + 7ky = (2 + 7k)y = ( ) ( )[ ] yi32yi341y
7

i341
72

2
±±=±=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ ±−
+    

   (x, y) = (0, 0), ( ) ( )i32,i32,i32,i32 ∓∓ −±−±  

   ∴ (x, y) = (0, 0), (–3, –3), (3, 3), ( ) ( )i5,i5  ,i5,i5 −− , ( ) ( )i32,i32,i32,i32 ∓∓ −±−± . 

5. 1y
x
1

x +=+  …(1) 

  
( )

( )
( )
( ) 1y

y

2
x
1

x

1
x
1

x

2
x
1

xx

1
x
1

xx

1x2xx
1xx

1xx
1xx 2

2

2

2

2

22

2

22

−
=

−+

⎟
⎠
⎞

⎜
⎝
⎛ −+

=

⎥⎦
⎤

⎢⎣
⎡ −+

⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛ −+

=
+−

+−
=

−

+−
….(2) 
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 (x2 – x + 1)2 – 4x(x – 1)2 = 0  ⇒  
( )

( )
4

1xx
1xx
2

22

=
−

+−
 ⇒  4

1y
y2

=
−

 ⇒ (y – 2)2 = 0  ⇒  y = 2. 

 From (1)  312
x
1

x =+=+   ⇒  x2 – 3x + 1 = 0     ⇒  x = 
2

53±
 (each double roots) 

6. (a) 14x4 – 135x3 + 278x2 – 135x + 14 = 0      ….(1) 

  Divde the equation by  x2,  0278
x
1

x135
x
1

x14
2

2 =+⎟
⎠
⎞

⎜
⎝
⎛ +−⎟

⎠
⎞

⎜
⎝
⎛ +  ….(2) 

  Put  y = 
x
1

x +  ,  we get   14(y2 – 2) – 135y + 278 = 0,  14y2 –135y +250 = 0, (2y – 5)(7y – 50) = 0 

  ∴ y = 5/2,  50/7. 

  (i) When  y = 
2
5

x
1

x =+ ,   2x2 – 5x + 2 = 0,   (2x – 1)(x + 2) = 0,  ∴ x = 2  or  
2
1

. 

  (ii) When  y = 
7
50

x
1

x =+ , 7x2 – 50x + 7 = 0,  (7x – 1)(x – 7) = 0,  ∴ x = 7  or 
7
1

 

 (b) 8x4 – 42x3 + 29x2 + 42x + 8 = 0    ….(1) 

  Divde the equation by  x2,  029
x
1

x42
x
1

x8
2

2 =+⎟
⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ +   

  Put  y = 
x
1

x −  ,  we get  8(y2 + 2) – 42y + 29 = 0, 8y2 – 42y + 45 = 0, (4y – 15)(2y – 3) = 0 

  ∴ y = 15/4 ,  3/2. 

  (i) When  y = 
4

15
x
1

x =− ,  x = 4  or  
4
1

−  

  (ii) When  y = 
2
3

x
1

x =− ,  x = 2  or  
2
1

− . 

7. 
ba

c
z,

ac
b

y,
cb

a
x

+
=

+
=

+
=    ….(1), ∴ 

ba
cba

1z,
ac

cba
1y,

cb
cba

1x
+

++
=+

+

++
=+

+

++
=+   ….(2) 

 
cba

c
1z

z
   ,

cba
b

1y
y

    ,
cba

a
1x

x
,

)2(
)1(

++
=

+++
=

+++
=

+
 

 Adding up the equalities, 1
cba

c
  

cba
b

cba
a

1z
z

1y
y

1x
x

=
++

+
++

+
++

=
+

+
+

+
+

. 

8. 0
z
c

y
b

x
a

=++   ⇒  ayz + bzx + cxy = 0 ….(*) 

 Since  (  )( ) ( )( ) ( )( )222 zyxbazyxaczyxcb −++++−++++−+

= (b +c)(x2+y2+z2 – 2xy + 2yz – 2zx) + (c +a) (x2+y2+z2 – 2xy – 2yz + 2zx) + (a +b) (x2+y2+z2 + 2xy – 2yz – 2zx) 

 = 2(a + b + c) (x2+y2+z2) – 4(ayz + bzx + cxy) =  2(a + b + c) (x2+y2+z2) – 4(0) = 2(a + b + c) (x2+y2+z2), by (*) 

 Given expression = 2(a + b + c) 
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9.  (a) Let  y = 
9x5x

x
2 +−

,    ∴ yx2 – (1 + 5y)x + 9y = 0 

  For  x  is real,  ∴ Δ ≥ 0   ⇒  (1 + 5y)2 – 4(9y) ≥ 0   ⇒  11y2 – 10y – 1 ≤ 0 

        ⇒ (11y + 1) (y – 1) ≤ 0   ⇒  –1/11 ≤ y ≤ 1 

 (b) Let  y = 
1xx
1xx

2

2

++

+−
,  ∴ (1 – y)x2 – (1 + y) x + (1 – y) = 0 

  For  x  is real,  ∴ Δ ≥ 0   ⇒ (1 + y)2 – 4(1 – y)2  ≥ 0  ⇒ 3y2 – 10y + 3  ≤ 0 

        ⇒ (3y – 1)(y – 3) ≤ 0   ⇒ –3 ≤ y ≤ 1/3 

 (c) Let  y = 
7x2x
71x34x

2

2

−+

−+
 ∴  (1 – y)x2 + (34 – 2y) x + (7y –71) = 0 

  For  x  is real,  ∴ Δ ≥ 0   ⇒ (34 – 2y)2 – 4(1 – y) (7y –71) ≥ 0 ⇒ y2 – 14y + 45  ≥ 0  

        ⇒ (y – 5)( y – 9) ≥ 0   ⇒ y ≤ 5  or  y ≥ 9 

 

10. (a) Let  f(x, y) = 3x2 + 2Pxy + 2y2 + 2ax – 4y + 1 = 0 

   ⇔ f(x, y) = 3x2 + (2Py + 2a)x + (2y2 – 4y + 1) = 0 

  Since  f(x, y) can be resolved into linear factors, f(x, y) = 0  has rational roots. 

  ∴ Δx  must be a complete square. 

 

  Consider  Δx = (2Py + 2a)2 – 4(3) (2y2 – 4y + 1) = 0  ⇔ (P2 – 6)y2 + (2aP + 12)y + (a2 – 3) = 0  (*) 

  Since   Δx  is a complete square,  Δx  has equal roots,   

∴ Δy  of (*) = (2aP + 12)2 - 4(P2 – 6) (a2 – 3) = 0 

⇒  P  must be one of the roots of the equation  P2 + 4aP + 2a2 + 6 = 0. 

 

 (b) 9x2 + 2xy + y2 – 92x – 20y + 244 = 0  ⇔ y2 + (2x – 20)y + (9x2 – 92x + 244) = 0 

  Since  y  is real,  ∴  Δy = (2x – 20)2 – 4(1) (9x2 – 92x + 244) ≥ 0   

  Simplify, we get  x2 – 9x + 18 ≥ 0  ⇔  (x – 3)(x – 6) ≥ 0  ⇔ 3 ≤ x ≤ 6. 

 

9x2 + 2xy + y2 – 92x – 20y + 244 = 0  ⇔  9x2 + (2y – 92)x + (y2 – 20y + 244) = 0 

  Since  x  is real,  ∴  Δx  = (2y – 92)2 – 4(9) (y2 – 20y + 244) ≥ 0   

  Simplify, we get    y2 – 11y + 10 ≥ 0  ⇔  (y – 1)(y – 10) ≥ 0  ⇔  1 ≤ y ≤ 10. 

 

11.  (a) (i) 2x2 – 9x – 18 < 0   ⇔   (2x + 3) (x – 6) < 0  ⇔  -3/2 < x < 6 

  (ii) 12 – 5x – 3x2 > 0  ⇔  3x2 + 5x – 12 < 0 ⇔  (x + 3)(3x – 4) < 0  ⇔  –3 < x < 4/3 

 

 (b) x2 + 6x + k = (x + 3)2 + (k – 9)  is positive for all real x  ⇒ k – 9 > 0 ⇒ k > 9. 

 

 5



12.  

)n...(
)1n...(

)2...(
)1...(

x/1x
x/1x

.....
x/1x
x/1x

0xx1
0xx1

......
0xx1
0xx1

1n

n1n

32

21

1n

n1n

32

21

−
⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=
=

=
=

⇒

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

=−
=−

=−
=−

−−

 If  n  is odd,  sub. (2) in (1),  x1 = x3 ; sub. (3), (2) in (1),  x1  = 1/x4. …. ; 

 sub (n), (n – 1), …, (2) in (1), we get  x1 = 1/x1 .  ∴ x1 = ±1 

 ∴  x1 = x2 = … = xn =  ±1 

 If  n  is even,   x1 = x3 = … = xn-1 = k , x2 = x4 = …= xn = 1/k   where  k  is any value. 

 

13. yz + zx + xy = ( )[ ] ( )222222 bc
2
1

)zyx(zyx
2
1

−=++−++  

 x3 + y3 + z3 – 3xyz = (x + y + z)(x2 + y2 + z2 – xy – yz – zx)  

⇒ ( ) [ ]cb3ca2
6
1

xyzbc
2
1

bcxyz3a 2332223 −+=⇒⎥⎦
⎤

⎢⎣
⎡ −−=−  

x + y + z = c  ,  yz + zx + xy = ( )22 bc
2
1

−   , [ ]cb3ca2
6
1

xyz 233 −+=  

⇒ x, y, z  are roots of the equation :  ( ) [ ] 0cb3ca2
6
1

bc
2
1

c 2332223 =−+−λ−+λ−λ  

        or 6λ3 – 6cλ2 – 3(b2 – c2)λ – (2a2 – 3b2 c + c3) = 0 

 

14. (a) s1= x + y + z = m1 

  s2 = x2 + y2 + z2 = (x + y + z)2 – 2(xy + yz + zx) = m1
2 – 2m2 

  s3 = x3 + y3 + z3 = (x2 + y2 + z2) (x + y + z) – (x + y + z)(yz + zx + xy) + 3xyz = s2m1 – s1m2 + 3m3 

  s4 = x4 + y4 + z4 = (x3 + y3 + z3) (x + y + z) – (x2 + y2 + z2) (yz + zx + xy) + (x + y + z)(xyz) 

   = s3m1 – s2m2 + s1m3 

  s5 = x5 + y5 + z5 = (x4 + y4 + z4) (x + y + z) –(x3 + y3 + z3) (yz + zx + xy) + (x2 + y2 + z2) (xyz) 

   = s4m1 – s3m2 + s2m3 . 

 

 (b) 
⎪⎩

⎪
⎨
⎧

==
=++=

=++=
⇒

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

+−=
+−=
+−=

−=
==

⇒
⎪⎩

⎪
⎨
⎧

=++
=++

=++

1xyzm
3zxyzxym

3zyxm

msm3s33
m3ms9s
m3m3s33

m29s
m3s

3zyx
3zyx

3zyx

3

2

1

3224

3224

322

22

11

555

333  

  ∴  x, y, z  are roots of the equation  u3 – 3u2 + 3u – 1 = 0 

        or (u – 1)3 = 0 

        or   u = 1 

  ∴  x = y = z = 1 
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