General equations

12x *—4x®-41x*-4x+12=0 (1)
L . . 1 1
Divide the equation (1) by X7, then it becomes 12(x2 +—2j - 4[x + —j —-41=0 ..... 2
X X
1 2
Put y=x+—, (2)becomes 12(y*-2)-4y-41=0
X
) 5 13
= 12y"-4y-65=0 = (6y+13)(2y-5)=0 = y=E or _E
5 1 5 13 1 13
a) |If == , X+—=— b) If =——, X+—=——
(@) y=7 <5 (b) Y= <6
2x°-5x+2=0, (2x-1)(x-2)=0 6x°+13x+6=0, (2x+3)(B3x+2)=0
o X=—, 2 X:_E'_g
2 3 2
The roots of (1) are l 2, —E, —E.
2 3 2

Let f(x)=x"+4x3-18x%-100x — 112
Put y=x-k, or x=y+k then f(y)=(y+k)*+4(y+k)>-18(y +k)?—100(y + k) — 112
The y?—term = (6k®+ 12k—-18)y* disappearsif 6k*+12k—-18=6(k+1)(k—1)=0
k=-3 or 1.
Choose k=1, then (y+1)*+4(y+1)%-18(y +1) - 100(y + 1) - 112 =0
= y*+8y°-120y-225=0, = (Y)?-15%+8y (y*-15)=0
= (Y-15)(y’+15+8y)=0, = (y'-15)(y+5)(y+3)=0
y=-5-3, 415 -+15 and X=y+1 = —4,-2, 1+415 1-415.

X2 +y?+2° =14..()
(@) Xy +yz+2zx=11...(2)
X+y+2z=9 ..(3)

1) +2(2), (x+y+2)?=36 = x+y+z=16...(4)

3)-4), z=3,15

@i If z=3, (2)and (3) become xy+3(x+y)=11 ...(5) and x+y=3 ...(6)
BWG), xy=2 ..(7) , Eq. formed from (6),(7) is t?—3t+2=0.

Solvingwe get (x,y)=(1,2) or(2,1)
(i) If z=15(2)and (3) become xy+15(x+y)=11 ...(5) and x+y=-21 ...(6)
(6" )W(5"), xy=326 ..(7) , Eq. formed from (67),(7’) is  t? +21t + 326 = 0.
~21++/863i —21- 863i] (—21—\/@i —21+ 863ij

2 2 2 ’ 2

—21+/863i —21-+/863i 15} (—21—\/863i —21++/863i 15J

Solving we get (X, y) = {

LGy 2)=(1,2,3), (2,1,3), [ 5 5 5 : >



(b)

X+y+z=1 )
X2 +y®+2°+6xy=0 ..(2)
X + y + 2 =0 ..(3)

y+Z Z+X X+Yy

From(l), y+z=1-x, z+z=1-y, x+y=1-X ...(4)

WHi@), =+ v 2 0 = xU-y)A-2+yl-X)1-2)+z(1-x)(1-y)=0
l1-x 1-y 1-z

= X+Y+2Z—2Xy—2yz— 22X+ 3xyz = 0 = (X +y + 2)? — 2Xy — 2yz — 22X + 3xyz = 0, from (1)
X2 +y2+ 2%+ 3xyz=0 ...(5)

From(2) and (5), 6xy=3xyz = xy(z-2)=0= x=0 or y=0 or z=2

(i) When x=0, from(l)and(2)weget y+z=1 ..(38) and Vy*+z°=0 ...(4)
(4% -(3), wehave 2yz=1 or yz=1/2 ...(5)

The eq. formed by (3) and (5) is  2t2—2t+1=0 s~ yz)= (ﬂﬂj or (ﬂ ﬂj

(i) When vy =0, using the same method as in (i), we have (X, z) = (1—;'1—;'j or (1—;'1—;')
(iii) When z=2, from(1)and(2)weget x+y=-1 ...(6) and X’ +y*+6xy=—4..(7)
(7)-(6)°>, 4xy=-5 or xy=-5/4 ...(8)

The eq. formed by (6) and (8) is 4t?+4t-5=0

Sy 2)=

o

(©

(@

1446 -1-+6 ~1-46 -1+6
Sy = , or )
2 2 2 2
1+i1—ij (Ol—leqj (1+|01—ij (1—i L+j ~1+46 —1—v%'0 -1-6 —1+v%'0
2 ) 2 1 12 ) 2 ’ 2!! 2 ) ™~ 2 ) 2 1 2 ) ) 2 ) 2 ’
z
u=l LERY. viw=1 ..
X y+z 2
Since x,y,z# 0, put v:1 in i=3 we get w+u:E ..(2)
y Z+X 3
1 Xy u+v=1 «(3)
Weo =1
z X+y

D+@+@), wehave 2u+v+w)=11/6 or u+v+w=11/12 ...(4)

@-1), @-@. @-0O) (U, v, ) = (il—ij

12 12 12
12 12
X,Vy,2)= | —,—,-12
- (2203
x}+y3=8 ..(1) ;ox+y=2 ..(2)

From (1), X*+y = (x+y)’=3xy(x +y)=2°-3xy(2)=8 = xy=0 = x=0 or y=0
From(2), (x,y)=(0,2) or (2,0)



(b) x+y=4 ..() Xt vyt =odyP+ 1
Since  x*+y* = (% + yA)? = 2(xy)? = [(x+y)* - 2xy]* — 2(xy)? = [4% — 2xy]? — 2(xy)? = 256 — 64xy + 2(xy)?
Sub. in (2), 256 — 64xy +2(xy)> = 9(xy)’+1 = 7(xy)’* +64xy-255=0 = [7xy +85][xy—3]=0
Sxy=3 or =857 ...(3)

(i) If xy= 3, from(1), x,y areroots of t?—4t+3=0 ..(4
(i) If xy=-85/7,from (1), X,y are roots of 7 -28t-85=0 ...(5)
Solve (4) and (5), we get (xy) = (L, 3). (3. 1), 14+\/791’14—\/791’ 14—\/791’14+\/791 |
7 7 7 7
© 2. ¥ _4 () : 3x+5y=2 @)
5y+1 3x+1 15 ’
Ax LYy, (@)  : 5y=2-3x  ..(4)
5y+1 3x+1
1 2—
OMe) X 3R 4 L 18 _ox+120 = (3x+ 1)(Bx—-1)=0
(2-3x)+1  3x+1
11\(1 3
S X=1/3 or 1/6. From (2), X,y) = (—,—),(—,—).
) (%, y) 251510
(d) x*=2x+7y ..(1) sy (2)
3
Q, X :2x+7y:2(x/y)+7 323:22+7 wherez—i
2 y 2y+7x  2+7(xly) 247z y
724 +22-22-7=0 = (z+1)(z-1)(72+22+7)=0
X —1+4+/3i —1+44/3i
z= —=+1, —— =>X=ty, ———V
y 7 7

() When x=vy, by(l), x*=2x+7x, x*-9x=0, x(X+3)(x=3)=0, ..x=-3,0,3.
(x,¥)=(=3,-3),(0,0), (3,3)

(i) When x=-y, by(l), x®=2x-7x, x}+5x=0, x(x*+5)=0, ..x=0, +/5i
(v5i,/5i), (~+/5i,/5i)

(iii) When x:_l%d'\/giyzky, by (2),

i =2y + Tky = (2+ 7Ky = (2+7—_1i74‘/§i Jy: (1x4vaily =[x (243 y

*,y)=(0,0), (2++3i,2%3i)(-2++3i-253i)
- (%)= (0,0), (-3,-3), 3,3), (v5i,—v5i) (-+/5i,¥5i), (231,25 3i)(- 2 V3i,-2 5 3.

x+1:y+1 ..
X

x(x-1?  x(x*—2x+1) xz[x+1—2} wrl o y-1
X X

(x2-x+1)  (x*—x+1) :[X()H)l(_lﬂz _(X+>l<_lj2 % 2



(x2 —x+1) ~ y?

C-x+1P-ax(x-1)*=0 =» ~—— L =4 = =4 = (y-27%=0 = y=2
X(x—1) y-1
3++/5
From (1) x+1221123 = X-3x+1=0 = Xx= 2\/_ (each double roots)
X
(@) 14x*-135x3+278x* - 135x +14=0 (1)

(b)

1 1
Divde the equation by X, 14()(2 + 7) —135(X + ;} +278=0 (9

Put y= x +l , weget 14(y’-2)-135y +278=0, 14y*-135y +250=0, (2y -5)(7y -50)=0
X

- y=5/2, 50/7.
. 1 5 2 1
(i) When y= x+—:E, 2X°=5x+2 =0, (2x-1)(x+2)=0, ..x=2 or >
X
(i) When y= x+£:?, 7X2-50x+7=0, (7x=-1)(x=7)=0, ..x=7 or%
X
8x* —42x3 +29x% + 42x +8=0 (1)
. . ) , 1 1
Divde the equation by  x%, 8 X +— |-42 x—— [+29=0
X X

Put y= x—i, weget 8(y?+2)-42y+29=0, 8y’ -42y+45=0, (dy-15)(2y-3)=0
X

s y=15/4, 3/2.
1 15 1
(i) When y= x-—="—", x=4 or -=
X 4 4
(i) When y= X—E:E, X=2 or ——
X 2
xo & oy b C @), . xpr2dfbre g @vbrc ., _atbec o)
b+c c+a a+b b+c c+a a+b
@ X a y b z cC
(2)' x+1 a+b+c y+1 a+b+c z+1 a+b+c
+ y z a + b + ¢ =1.

Adding up the equalities,

a

+ = =
x+1 y+1 z+1 a+b+c a+b+c a+b+c

__,_B_,.E:o = ayz+bzx+cxy=0 ....(%)

X y z
Since (b+c)(—x+y+z)*+(c+a)x—y+2z) +(@+b)(x+y-z)

= (b +C)(X°+y*+2% — 2Xy + 2yz — 2zX) + (C +a) (X+Yy*+2° — 2Xy — 2yz + 22X) + (a +b) (P+y*+2% + 2xy — 2yz — 22X)
=2(a+b +c) (XP+y*+z%) — 4(ayz + bzx + cxy) = 2(a + b + ¢) (X°+y*+z%) — 4(0) = 2(a + b + c) (XP*+y*+7%), by (¥)

Given expression = 2(a+ b + ¢)



10.

11.

(@)

(b)

(©

(@)

(b)

(@)

(b)

X

Let y= ————, LyxE—(1+5y)x+9y=0
X —=5x+9
For x isreal, . A>0 = (1+5y)*=4(9%)>0 = 11y’-10y-1<0
= (lly+1)(y-1)<0 = -11l<y<1
2_
Let y= Xz—“l L=y —(L+y)x+(1-y)=0
X +XxX+1
For x isreal, . A>0 = (@Q+y)P-41-y)?® =0 = 3y’-10y+3 <0
= @Ey-1y-3)<0 = -3<y<13
2 f—
Let y= w L=y + (34-2y) x + (Ty-71) =0
X“+2x-7
For x isreal, . A>0 = (B4-2y)-4(1-y)(Ty-T1)>0= y’-14y+45 >0
= (y-5(y-9=20 = y<5 or y>9

Let f(x,y)=3x*+2Pxy + 2y’ + 2ax -4y +1=0
< f(x,y) = 3x% + (2Py + 2a)x + (2y* =4y + 1) =0
Since f(X, y) can be resolved into linear factors, f(x, y) =0 has rational roots.

. Ay must be a complete square.

Consider A, = (2Py +2a)*—4(3) (2y’ -4y +1)=0 < (P*=6)y*+ (2aP+12)y + (a°=3)=0 (*)
Since  Ax isacomplete square, Ay has equal roots,
~ Ay of (¥)=(2aP + 12)° - 4(P* - 6) (a°—3) =0

= P must be one of the roots of the equation P? + 4aP + 2a° + 6 = 0.

O+ 2xy +y?P—92x—20y +244=0 << Y+ (2x—20)y + (9x* = 92x + 244) =0
Since y isreal, .. Ay=(2x—20)"—4(1) (9x° — 92x + 244) > 0
Simplify, we get x?—9x + 18>0 o (x=3)(x-6)=0 & 3<x<6.

O+ 2xy +y2—92x—20y +244=0 < 9x*+ (2y—92)x + (y* =20y +244) =0
Since x isreal, .. A =(2y—92)"—4(9) (y* - 20y + 244) >0

Simplify, we get Y -1ly+10>0 < (y-1)(y-10)>0 & 1<y<I1o0.

(i) 2x°-9x-18<0 < (2x+3)(x-6)<0 < -3/2<x<6

(i) 12-5x-3x*>0 < 3 +5x-12<0 < (xX+3)(Bx-4)<0 << -3<x<4/3

x*+6x+k=(x+3)°+(k-9) ispositiveforallrealx =k-9>0 = k>0,



13.

14.

1-x,x,=0 X, =1x%x, .1

1-x,x;=0 X, =1/x; ..(2)
...... =

1-x,,x,=0 Xy =1/X,...(n-1)

1-x,x,=0 X, =1/%x, ..(n)

If n isodd, sub.(2)in(l), xi=X3; sub.(3),(2)in(1l), X =1/X4 ....;
sub (n),(n-1), ..., (2 in(1),weget x;=1/x;. ..x =41
X1=Xp=...=Xy= =1
If n iseven, X;=X3=..=Xpn1=K,Xo=X4=...=x,=1/k where k isany value.

yzZ +ZX + Xy = %[(x+y+z)2—(x2+y2+zz)]:%(cz—b2)
XC+y +722-3xyz= (X +y+2)(C + Y + 2P =Xy —yz —2X)

= a3—3xyz:c[b2—%(cz—b2)}:> xyz:%[2a3+c3—3bzc]
X+y+z=c , yz+zx+xy:%(cz—b2) , xyz:%[2a3+c3—3bzc]

. 1 1
= XY,z areroots of the equation : 2 -\ +E(CZ ~b* ) —E[Za3 +c®-3b%]|=0

or 623 —6cA%—3(b?—c?)r - (2a°—3b’c+c*) =0

(@ si=x+y+z=m
S =X+ Y+ 722 = (X +y +2)° = 2(xy +yz + zx) = my® — 2m,
S3=X Y+ = (G + Y+ 7)) (X+y +2)— (X + Y +2Z)(YZ + zX + Xy) + 3XyzZ = S,my — S;M, + 3ms
se= Xy + 2= Y+ D) (XY +2) = (C + YR+ 2) (yZ + 2X H XY) + (X + Y + 2)(xy2)
= $3My — SMy + S;Mg
55 =X +y +20= (XY + 2 (x+y +2) OC + Y + 2) (yz + 2x + xy) + (C + Y+ 20) (xy2)

=S4mq —S3Mmy + SoMmg .

s, =3=m,
X+y+z=3 s, =9-2m, m,=x+y+z=3
) X*+y*+72°=3= 3=3s,-3m, +3m, = m, =Xy+yz+zx=3
x°+y®+2°=3 s, =9-s,m, +3m, m, =xyz=1

3=3s,-3m, +s,m,

X,y,z areroots of the equation u?-3u*+3u-1=0
or (u-1)>°=0

or u=1



